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A 5-r UNIQUENESS THEOREM
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ABSTRACT. A Borel-regular Carathéodory outer measure A on a
separable metric space X, where A is invariant with respect to a family
H of homeomorphisms from X onto X, is unique if A satisfies a 5-r
condition at one point in X and if H satisfies Condition I, a condition much
weaker than, but related to, the invariance of distance under H.

0. Introduction. The main result of this paper is a uniqueness theorem
for an outer measure on a separable metric space that is invariant with respect
to a family of homeomorphisms of the space. Sufficient conditions include a
Condition (I) on the family of homeomorphisms and a condition (5-7) on the
invariant measure. In [2], Mickle and Radd proved a uniqueness theorem with
similar conditions; here the conditions on the invariant measure are weaker. I
am grateful to Professor Earl J. Mickle, not only for suggesting this topic for
research, but also for his encouragement and help.

In §1 are necessary preliminaries and the statement of the main theorem.
In §2 it is shown that if a Haar measure satisfies the 5+ condition at one point,
it does so at every point of the space. §3 includes needed density and covering
lemmas, §4 contains the proof of the main theorem, and in §5 several other
criteria for uniqueness are given.

1. Preliminaries and uniqueness theorem. Several definitions will be
needed for the development of the theory. In what follows, c(x, r) is the
closed sphere of center x and radius ». Throughout, unless otherwise indicated,
unions and summations are taken from one to infinity.

DEFINITION 1.1. A real-valued set function A, defined on all subsets of
a separable metric space (X, d), is said to be a Carathéodory outer measure if

(i) for ECX, 0<A(E) <,

(i) A@)=0,

(iii) if £, CE,, then A(E,) < A(E,),

(iv) if E,, E,,- -, is any sequence of subsets of X, then A(UE”) <
ZAE,), and

Received by the editors August 27, 1973.

AMS (MOS) subject classifications (1970). Primary 28A70, 43A05; Secondary 28A1S,
46G99.

Copyright © 1975, American Mathematical Society

89



90 J. A. ENGLE

(v) if E; and E, are a positive distance apart, then A(E, U E,) =
AE,) + ME,).

DEFINITION 1.2. Let (X, d) be a separable metric space, and let H be a
family of homeomorphisms from X onto X. A Borel-regular Carathéodory
outer measure A on X will be called H-invariant, or Haar with respect to H,
if A[R(E)] = A(E) for every E C X and every h in H, and if there is a
nonempty set O for which 0 < A(0) < oo,

DeFINITION 1.3. Let (X, d) be a separable metric space, and let H be
a family of homeomorphisms from X onto X. The family H is said to satis-
fy Condition (I) if for every pair of elements x, ¥ in X there are homeomor-
phisms kA, and h, in H with h,(x)=y and h,(¥) =x, and positive real
numbers I(x, y) and L(x, y) such that if 0 <r </, then

¢(x, ") C h,[cWy, rL)] Ce(x, 7L?), and c(y, ) C h [c(x, 7L)] C c(y, rL?).

DEFINITION 14. A Carathéodory outer measure ¢ on a separable metric
space (X, d) is said to satisfy the strong 5+ condition if for every bounded set
E there are positive real numbers k(E) and K(E) such that for every x in E
if 0<r<k(E), then

ole(x, 5] < K(E)ale(x, N].

DEFINITION 1.5. A Carathéodory outer measure ¢ on a separable metric
space (X, d) is said to satisfy the 5-r condition at x if there are positive con-
stants k(x) and K(x) such that for 0 <r < k(x),

ale(x, 5r)] <K(x)o[c(x, r)].

If o satisfies the S+ condition at every x in X, it is said to satisfy the S-r
condition on X, and it will be called a 5+ measure.

DEFINITION 1.6. A Borel-regular Carathéodory outer measure A on X
will be called locally finite if for each x in X there is an open set O, such
that x €0, and A(0,) <ce.

If A is locally finite, then, since X is separable, there is a sequence of
open sets O,, 0,, - such that

) x=Uo, and AQ)<w=, n=1,2,-

It is clear that if a measure satisfies the strong 5 condition, it satisfies
the 5 condition. Note also that if A satisfies the 5+ condition at x, there
is an open set containing x that has finite A-measure, hence if A satisfies the
5+ condition on X, then A is locally finite.
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The main uniqueness theorem which will be proved in this paper can now
be stated.

THEOREM 1.7. (UNIQUENESS THEOREM). Let (X, d) be a separable metric
space, let H be a family of homeomorphisms from X onto X which satisfies
Condtion (1), and let A, and A, be Borel-regular Carathéodory outer mea-
sures on X that are Haar with respect to H. Then if A, satisfies the S con-
dition at one point in X, there is a positive real number ¢ such that for every
E CX, A, (E) =cA((E).

Theorem 1.7 is a sharpening of the 5+ uniqueness theorem proved by
Mickle and Radé [2] in 1959. Their theorem established the uniqueness of an
invariant measure on the space of oriented lines in three-space, a result which
does not follow from the standard uniqueness theorems for invariant measures.
In their original theorem, one of the invariant measures is required to satisfy
the strong 5+ condition. In the present theorem, this condition is weakened
to the requirement that one of the invariant measures satisfy the 5+ condition
at one point.

2. One-point theorem.

THEOREM 2.1. Let (X, d) be a separable metric space, let H be a family
of homeomorphisms from X onto X satisfying Condition (1), and let A be
an H-invariant outer measure on X that satisfies the 5+ condition at one point.
Then A satisfies the 5+ condition everywhere on X.

ProoF. Assume for 0 <r <k, Alc(x,, 5r)] <K Alc(x,, 7)], and let
x be an arbitrary element in X. Then, since H satisfies Condition (I), there
are positive constants Io, .y, L(xo xy» and k, ko in H with h(x) =x, and
hy(xo) =x such that if 0<r<],

c(x, 1) Chyle(xy, rL)] C clx, rL?) and c(xq 1) Chlelx, IL)] Cc(xy, rL?).
Then for r < (1/25L)min (k,/ ), we have
Alcx, 5r)] = Afr(c(x, 5r)] < Ale(x,, SrL)],
and, letting n be the positive integer with 5"~! <L < 57,
Ale(xy, STL)] < Afe(xg, 5"t 1] <K+ A[e(x, 157)]
<K HIA[exg, rL™H] = K2 AR (c(x rL™ )]

< K+ A[e(x, )],

and A satisfies the 5+ condition at an arbitrary x in X, hence on X.
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3. Density and covering lemmas. There are several different conditions
that are sufficient for a Haar measure to satisfy the S+ condition at a point,
and they all concern an underlying Carathéodory outer measure which satisfies
the 5+ condition, but which is not necessarily Haar itself. In what follows,
this underlying measure will usually be denoted o, and use will be made of
the upper and lower densities of a Haar measure A with respect to the under-
lying 5+ measure o.

In Lemmas 3.1 through 3.5 below, (X, d) is a separable metric space, and
o is a Carathéodory outer measure which satisfies the S+ condition on x.
Letting

(7)) A,=x:x€X 0<r<1/n=0[clx, 5r)] <nole(x, Nl

wehave X=UA4, and 4,C4,,,, n=1,2,---.

LEMMA 3.1. Let A be a Borel-regular Carathéodory outer measure on X,
let t be a positive finite number, and let E be a subset of X. Set

). . Ale(x, ) N E]
G(E)= {x:x €X, lurrL%up o[t M >tr.

Then for the sets A, in (2), 0[4, N GE)] < (n/t)A(E).
PrROOF. Since

4, N G’t(E) cU {c(x, : x €4, N Gt(E'),r < 1/n,
Ale(x, r) N E] > to[e(x, 1]},

®

by a covering theorem of Mickle and Radd [3, p. 328], there exists a pairwise
disjoint sequence of these spheres, c(x,, r,), c(x,, 7,), * -, such that

@ A NGECU{elx,5r) i=1,2,-*}
From (2), (3), and (4) it follows that
old, N G(E)] < Xolex, S5r)) <n X ole(x, 7))

< (lt) X Aletx, r) N E] = (a/) AlUc(x, r) N E]
< (/D) AE).

LeMMA 3.2. Let A be a locally finite Borel-regular Carathéodory outer
measure on X and let E be a A-measurable subset of X. Then for x € X — E,
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) lim Afe(x, ) NE]

s =0 ae. (0).

ProoOF. It suffices to show that (5) holds for A(E) < oo, since letting
E,=ENQ,, with 0, asin (1), we have

. - Ale(x, r) N E]
{x. xE€EX-E, llrnj.gup —a[c(x, ) > 0}

U Aletx, ) NE,]
C ‘xEX - i —_—
¥ x€X-F, lntllgup alc(x, n)] >0
and it suffices to show o(E,)=0,n=1,2,--.
Assume A(E) <o, For 0<t <o, let

. . Ale(x, ) N E]
H(E) = {x:xeX—E, hr'rﬁl_‘%up —%-[(:'c(x—’,')r)j_>t}'

For arbitrary € > 0 there is a closed set C such that CC E and
AME-C)<e [4]. Since C is a closed subset of E, for r sufficiently small
and for x EX — E, we have c(x, ) NE=c(x, r) N (E - C), and for
X € H t(E)5

. Aletx, DN (E-CO)]
lm e = e ]

Hence H/(E) C G/(E — C) and by Lemma 3.1 for each positive integer n,

o[4, N H(E)] < e@/).

>t

Since € > 0 is arbitrary, for each positive integer n and ¢ > 0, 6[4,, N H(E)]
=0, and by (2), o[H,(E)] =0. Then since

Ale(x, ) N E]

{x: XEX-E, lnnr_’sgp olet, N

> o} =UH, /mE)

(5) follows, and the lemma is proved.

LEmMMA 3.3. If A is a Borel-regular Carathéodory outer measure and E
is a subset of X such that for x €E

.. oA, ) NE] _
hm'_:gf olex, ]

then A(E)=0.
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ProoF. If suffices to show that A(4, NE)=0 for 4, asin (2). Since
there is a sequence (0,,) of open sets such that X = UOm, 000,,) <, m=
1,2, -, it suffices to show that A(4, N O,, NE)=0. For x€E,, =
A, N0, NE, we have

. A, DNE, ] _
llI}"l_’l(l)‘l ole(x, ]

Let €> 0 be given. The family of closed spheres c(x, r/5) for which x €E,,,,
r<1i/m c(x,r)CO,,, and Alcx,) NE,,] <eolc(x, r)] covers E,,,,.
Accordingly (by [3]), there is a pairwise disjoint sequence of closed spheres

c(x,, r,/5), c(x,, 7,/5), -+ such that

E,, CUckx,r)
and
AE, )=A[Uctx, r)nE, ] <TAlctx,r)NE,,]
<e ofetx, r)] <enolelx, r,/5)]
= eno [U c(x, r‘/5)] < eno(0,,).

Since €> 0 is arbitrary, n and m are fixed, and 0(0,,) <, we have
MNE,,,)=0.

LEMMA 34. Let A be a locally finite Borel-regular Carathéodory outer

measure and let
) Alex, ]
E= . (S —_— =00,
{x x € X, lim (s)up olctx, )]

Then o(E)=0.

ProoF. It suffices to show o(E,,,) =0, where E,, is defined as in
the proof of the previous lemma.

Let >0 be given. By Lemma 3.1, o(E,,,) <o[4, N G,0,)] <
(#/)A(0,,,), and since t is arbitrary, o(E,,,)=0.

LEMMA 3.5. Let A be alocally finite Borel-regular Carathéodory outer
measure on X and let

. YN (16 5) P AleCe, D1 _
E= {x. x € X, lim '_}‘O‘f olcCx, D] <= hprp_’(S’UP oletx, 1] }

Then A(E)=0.
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ProOOF. By the previous lemma, we have o(E) =0. Let

. . “[c(x’ r)] o .
— : —————————— — ....
Ei'—{x xGE,hmlgf [cCs, )] <j3, i=12,

To show that A(E) =0, it suffices to show A(Ei) =0, for j=1,2,--+, and
to show that A(E;) =0, it suffices to show that A(E;,) =0, where Ej, =
E;NA4,, with 4, asin (2). Let €>0 be given. There is an open set O
such that Ej, C O and 0(0) <e. (See Mickle and Radd [3].) The set Ej,
is covered by the family of closed spheres c(x, r/5) such that x € Ej,, r <
1/n, ¢(x, ¥) C O, and Alc(x, r)] <jo[c(x, r)]. Hence, by [3] there is a pair-
wise disjoint sequence of the spheres, c(x,, r,/5), ¢(x,, r,/5), * *+, such that
E;, C Uc(x;, r;). Then

AE,,) S Aletx, 7)) <jXoletx, )]
<jn Toletx, r/5)] = jno [Uc(x,.r,./S)]
< jno(0) < jne.

Since € >0 is arbitrary, A(E},) = 0.

It should be noted that Lemmas 3.1 through 3.5 are concerned only with
the relationship between two measures on X, and that the family H of homeo-
morphisms is not involved. The following two lemmas concern properties of
covers of X, and are also independent of the family H.

LEMMA 3.6. Let (X, d) be a separable metric space, A a locally finite
Borel-regular Carathéodory outer measure on X, and o a Borel-regular Cara-
théodory outer measure on X that satisfies the 5-r condition. If B isa
Borel set with A(B) <, a(B) >0, and if S is a family of Borel sets covering
B with the property that for every x in B thereisan S, in S such that
x €S, and

AleGe, NS, ]
ale(x, ] >0,

then there isan S in S with A(BNS)>0.

,
in o

ProOF. By Lemma 3.2, for ae. (0) x in B,

. Ale(x, )N (X-B)] _
T elewmnl

0,

and since o(B) > 0, there is such an x. For that x, its associated S, =S,
and any radius », we have
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AleGx, D NS] _ Ale(x, ) NS N B] + Ale(x, n» NS N (X - B)]

olex, )] olex, )] oleCx, N]
Aletx, » NS N B] + At ) 0 (X = B)]
olex, r)] oleCx, )]
Hence
. Ale(x,»NnSNB] _ . Ale(x, ) N 8]
hT—»%uP ofe(x, r)] > hr’p_’%up ale(x, ] >0,

and A(S N B)> 0.

LeMMA 3.7. Let (X, d) be a separable metric space, A a locally-finite
Borel-regular Carathéodory outer measure, and o a Borel-regular Carathéodory
outer measure that satisfies the 5 condition. If B is a Borel set, and S is
a family of Borel sets such that for each x in B, there is an S, in S with
x €S, and

N

0 ofc(x, ]

then there is a sequence (S;),i=1,2,-+, of setsin S with o(B -U S)=0.

PrOOF. We may assume ¢(B) > 0, since if not the lemma is trivially
true. First assume A(B) <o, and let

(6) a =inf {A (B - USi): (S) is a sequence of sets in S}.

Since A(B) <e°,a <. Note that there is a sequence (S;) with a =
AB-Usk: take

6= nglg(s,m): A(B - il=J1S"”) <a+1/n :

Assume o(B - U $;)>0. Then B- U S; and the family S satisfy
the conditions for Lemma 3.6, and there is a set S in S with A[B-USs¥) Ns]
>0, and A[B - (S UV US,"‘)] < a, contradicting (6). Hence
oB-UsH=0.

For arbitrary B, let B, =BNO0,, with 0O, asin (1). For each
nn=1,2,+--, wehave (S,,),i=1,2,-+, such that o(B, - UZ,S,)
=0. Then
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B—““S)< "s@—“s <°°(B—°°s)=o.
(8-, O5.) <o[ G, 6,- Us.)] < Z o8- Us.

4. Lemmas and proof of main theorem. Throughout §4, (X, d) isa
separable metric space, H is a family of homeomorphisms from X onto X
that satisfies Condition (I), A and o are Borel-regular Carathéodory outer
measures that are Haar with respect to H, and ¢ satisfies the 5+ condition.

LEMMA 4.1. Let EC X and let x € E such that

. Alc(x, r) N E]
lim swp = e ]

and let y €X. Then thereisan h € H such that h(x)=y and

. Ale@, r) N h(E)]
hr;l-»%uP ofc(y, r)]

ProOF. Since H satisfies Condition (I), we have h € H, I(x, y) and
L(x, y) such that h(x)=y and if 0 <r<I(x,y),c(y, r) Chlc(x, rL)] C
c(», rL?). We may assume L(x, y) > 1. Since o satisfies the 5 condition,
there is an n such that x €4, and y €4,, with 4, asin (2).

Also there is a positive integer g such that 59! < L(x, y) < 59. Note
that olc(x, rL)] < o[c(x, 59)] < n®3ofc(x, 5-%)] <n?*¥o[c(x, r/L)].

Then, for 0 <r <I(x, y)/nL, we have

>0.

Ale, D O KE)  Ahlets, i) O KE) _ Alets, /L) O £]
ole@, Nl o{h[cCx, rL)]} ole(x, rL)]
_ Ale(x, r/L) N E] o[c(x, r/L)]
" oletx, r/L)]  ole(x, L))
Ale(x, /L) N E] 1
oletx, r/L)]  p2d

and

- Alc, DN HKE)] 1 . Ale(x, r) N E]
llI:l_’S(}l P ale(y, Nl > n24 hrrn*o ale(x, r)]

>0.

LEMMA 42. Let B be a Borel set in X such that A(B) > 0. Then there
exists a sequence (h;),i=1,2,+-, of homeomorphisms in H such that
o[x -UnB)] = 0.
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PrOOF. By Lemma 3.3, since A(B) > 0, there is a point x, € B with

. Ale(xq, r) N B]
lim syp——————

0 ole(xy ] >0.

Then, by Lemma 4.1, for any x € X there is an A, € H such that h (x,) =
x and

. Ale(x, ) Nk (B)]
hr}ﬁl_’s&xp olcx, )]

Thus X is covered by the Borel sets 4, (B) for x €X in a manner to satis-
fy Lemma 3.7, and there is a sequence (&;), i[=1,2,-+-, in H such that
olx-Un®)] =o0.

LEMMA 4.3. Let B be a Borel set in X such that o(B) > 0. Then there
exists a sequence (h),i=1,2, -+, of homeomorphisms in H such that
olx-Un®B)] =0.

ProOF. Since o satisfies all the conditions placed upon A, Lemma 4.2
holds with A=o0.

LEMMA 44. Let B be a Borel set in X. Then o(B)=0 if and only
if AB)=0.

PrOOF. Assume o(B) =0 and A(B) > 0. Then, by Lemma 4.2, there
is a sequence (#;),i=1,2,-+, in H such that o[X - v h,(B)] = 0. Since
0(B)=0,0[h(B)] =0,0[Un(B)] =0 and o(X)=0. But o is Haar with
respect to H, hence o(X) > 0. Thusif o(B)=0, A(B)=0. .

Assume A(B)=0 and o(B) > 0. Then, by Lemma 4.3, there is a se-
quence (,),i=12,-+-, in H such that o[X — U hy(B)] =0, hence
A[X - U h(B)] = 0. But since A is Haar with respect to H, A(X) >0, and
since A[h,(B)] = A(B), we have A(B) >0, contradicting the assumption.
Hence if A(B) =0, then o(B)=0.

The separable metric space (X, d), the sigma-algebra of Borel sets B,
with either A or o restricted to the Borel sets, form sigma-finite measure
spaces, and by Lemma 4.4, A is absolutely continuous with respect to o.
Hence the Radon-Nikodym theorem may be applied [5, pp. 122—124], and
there is a Radon-Nikodym derivative, a real-valued Borel-measurable function
f on X, such that, for every Borel set B, A(B) = fpfdo. In what follows,

a Radon-Nikodym derivative f is fixed.

LEMMA 4.5. For fixed t,0<t<ee, let L,= {x: f(x) > t}, and let
S, = {x: f(x) <t}. Then at most one of L, and S, has positive o-measure.
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PrOOF. Assume o(L,) > 0. Then by Lemma 4.3 there is a sequence
(hi)’ i= ls 2a Tt in H such that O[X_Uhl(l't)] =0. For each i, i=
1,2, if o[S,Nh(L)] >0, we have

AlS, N h(L)] = f i fdo<to[S,Nh(L)], and

(L y

M) = sy

fdo>to[n7'(S)NL],
contradicting the invariance of A and o under H. Hence, if o(L,) > 0, then
0(S,) = 0. In a similar fashion it can be shown that if o(S,) > 0, then
o(lL,)=0.

1EMMA 4.6. Let
@ c=sup {t: ofx: f(x) =1} > 0}
Then 0<c¢ <o,

ProoF. If ¢=0, then A(X)= fyxfdo =0, which contradicts the fact
that A is Haar with respect to H.

Assume ¢ =<0, Then for any Borel set B with A(B) > 0, we have
o(B) > 0, and by Lemma 4.5, for any ¢, o[B N {x: f(x) > t}] = o(B). Hence
A(B) > to(B) for any t; thus for every Borel set B, A(B) =c. But since A
is Haar, there is a Borel set of positive finite A-measure. Hence 0 < ¢ <o,

LEMMA 4.7. For a.e.(d) x in X, f(x)=c.

PrOOF. Theset {x: f(x)>c}=U{x: fx)> ¢+ 1/n}, and ofx: f(x) >
¢ + 1/n} = 0; hence ofx: f(x) >c}=0.

The set {x: f(x) <c} = U {x: f(x) <c — 1/n}. By the definition of
¢, ofx: f(x)>c—-1/n}>0, for n=12, -+, hence by Lemma 4.5,
o{x: fx)<c—1/n} =0 for every n, and ofx: f(x) # c}=0.

LEMMA 4.8. For every Borel set B, A(B) = ca(B).
PROOF. A(B) = fgfdo = [zcdo =ca(B).

THEOREM 49. Let (X, d) be a separable metric space, let H be a
family of homeomorphisms from X onto X which satisfies Condition (1), let
A and o be Borel-regular Carathéodory outer measures on X that are Haar
with respect to H, and let o satisfy the 5+ condition. Then there is a posi-
tive real number ¢ such that for every E C X, A(E) = co(E).
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ProoOF. Fix EC X. Thensince A and o are Borel-regular, there are
Borel sets B, and B, such that EC B, E C B,, A(E) = A(B,), and o(E) =
o(B,). Hence, with B=B; N B,, B is a Borel set, A(E) = A(B), and o(E) =
o(B).

By the previous lemma, with ¢ defined as at (7), we have A(E) = A(B)
= co(B) = co(E).

The uniqueness theorem can now be proved.

PROOF OF THEOREM 1.7. By Theorem 2.1, if A, satisfies the S5-r con-
dition at one point in X, then A, satisfies the S+ condition on X. Letting
A, be the ¢ of Theorem 4.9, with ¢ defined as at (7), we have A,(E) =
¢\ (E) forevery E C X.

5. Other criteria for uniqueness. The density properties of a Haar measure
A with respect to a 5 measure 0 may be used to decompose the space X
into disjoint subsets. Letting

X, = %x lim mfAig 3 oi,

" X, = ;x 0 < lim inf =~ (( r)) < lim sup ac((x r)) f
X2=%x o<m9_33fA:(( ))<11angp;‘—:é’%7’;=wg, and
e fem 20 =,

we have X=X, U X, UX, UX,_, and the sets are pairwise disjoint.
From Lemmas 3.3, 34, and 3.5, we have A(X, U X,)=0 and
o(X, VX.,)=0.
If X, =g, orif X, iseither A-null or o-null, then there are disjoint
sets A and B such that for every subset E of X,

AE)=AENA), and o) = N B),

where A=X, and B=X, if X, =&, or B=X, VX, if X, is Anull,
and similarly if X, is o-null. If this situation occurs, then both 4 and B
are dense in X. This will be proved for the case X, = &; extension to the
other cases is obvious.

THEOREM 5.1. Assume X=X, U X, UX,, asin (8). Then X =
cl Xy =cl X,,, where cl E means the closure of E.
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PrROOF. Assume X # cl X,. Then there is an x € X, and an open
neighborhood O, of x, such that O, N X, =@ Now X = U{h(O) heH),
and since X is separable x =Un (0 ) for some sequence (h,), i =1, 2,

-, of setsin H, and A(X) < ZA[h,(0,)]. Since A[h(0,)] = AQO,) =
AO, N X,)=0, we have A(X) =0, which is a contradiction, since A is
Haar. Hence X =cl X,. Similarly X =cl X, since o satisfies the 5+ con-
dition, hence is positive on every open set.

If the set X, # &, then there isapoint x in X at which the Haar
measure A satisfies the 5+ condition, as is shown in the following theorem.

THEOREM 5.2. Let (X, d) be a separable metric space, let ¢ be a
Borel-regular Carathéodory outer measure in X which satisfies the 5-r con-
dition, let A be a locally-finite Borel-regular Carathéodory outer measure in
X, and let x be a point in X such that

Alex, ]
olex, )

Then A satisfies the 5+ condition at x.

Ale(x, r)]

0 <lim inf e ) ole(x, M)

< lim m sup

ProoF. There are real numbers @ and b such that

Aletx, n] Ale(x, D]
0<a= lll}~1—»ofo[c(x )] < lim 0 alc(x, n]

Fix € > 0 with € <a. Then there is an ro such that for 0<r<r,

=ph <o

Ale(x, 1]
afe(x, ]

Since o satisfies the S+ condition, there are k¥ and K such that o[c(x, 5r)]
<Kolc(x, )] for 0<r<k. Then for 0<r<ry/5,r <k, we have

a-e< <b+e

Ale(x, 5r)] < + e)afclx, 5r)] < (b + e)Ko[c(x, r)]
b +e
a—-

and A satisfies the 5 condition at x.
There is also a condition on a point in X, which ensures that A
satisfies the 57 condition.

THEOREM 5.3. Let (X, d) be a separable metric space, let o be a
Borel-regular Carathéodory outer measure in X which satisfies the S-r condition,
let A be a locally-finite Borel-regular Carathéodory outer measure in X, and
let x be a point in X such that

(1) lim inf,_, o Alc(x, r)] /o[c(x, )] = o, and
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(2) there are positive constants ry, m <1 such that, for 0 <r <r, and
for 0< ¢t <mr,

Ale(x, D] _ Ale(x, n)]
ofctx, )] ~ oetx, )]

Then A satisfies the 5-r condition at x.

ProoF. Fix x, where x satisfies (1) and (2). Then x €4, for some
n, where A, is defined as in (2), and, for 0 <r < 1/n, o[c(x, 5r)] <
nafe(x, r)]. For the m in (2), there is a positive integer ¢ with 5~7 < m. Then,
for 0<r<1/n, r<ry/S, we have

Ale(x, 5r)] < Ale(x, rm)] < Ale(x, )] < n**1A[c(x, r)]
ole(x, 5r)]  ole(x, rm)] oletx, r5~%)] ale(x, 5n)]

and A satisfies a 5+ condition at x.
An additional condition imposed on the 5+ measure o will ensure that
a Haar measure A satisfies the 5+ condition.

LEMMA 54. Let (X, d) be a separable metric space, let H be a family
of homeomorphisms from X onto X which satisfies Condition (I),let A be a
Borel-regular Carathéodory outer measure that is Haar with respect to H, and let
o be a Borel-regular Carathéodory outer measure that satisfies the 5-r condition
and has the property that for x,y in X there are positive real numbers m and
M such that for 0<r<m,

olex, ] <Male@, r)], and alc@y, N] < Moalc(x, r)].
Then there is a point x in X such that A satisfies the 5+ condition at x.

Proor. If X, # &, with X, defined as in (8), then by Lemma 5.2, A
satisfies the S+ condition on X.

Assume X; =g&. Then X, #& and X, #¢&, by Theorem 5.1. For
X€EX,,y€EX, wehave m and M as above. Note that for 0 <r <m,

]‘l{o[c(x, n] <ole@, r)] <Molc(x, r)],
and

;}0 [c@, N < oleCx, P] < Mo[e®, P)].

Since o satisfies the 5+ condition, there is an n such that if 0 <r <
1/n, a[c(y, 51)] <nolc(y, r)].

Since H satisfies Condition (I), there are I(x, ¥), L(x,y) and an h in H
such that for 0 <r <I(x, y), we have h(») =x and c(x, r) C h[c(y, rL)]. There
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is a positive integer g such that 59! < L(x, y) < 59.

Since lim inf,_,oAlc(y, r)]/o[c(y, r)] =0, there is a sequence (), i =
1,2, lim, ;= 0,7,y <r;, and lim, . Alc, r)]/o[c(v, r)] =0. We
may assume

ALew, )]
olcw, 7))

Let ¢ >Mn9. Then, since lim,,qAlc(x, r)]/o[c(x, r)] = oo, there is
an r, such that, for 0 <r<r,,
Ale(x, )]
alex, ]
Fix r with 0<r<ry, r<1/n,r<Ii(x,y),r<m, and

Ale@, Nl /olc(, N] < 1.

<1 for i=1,2,"""

>t>Mnl.

Then
Alex, r5~9)] > tole(x, r5~9)] > Mnlo[c(x, r5™9)] > Mo[c(x, r)]
> ole, N1 > Ale@, M) = Ahlc@, N1} > Alex, r/L)]
= Ale(x, r579)];

a contradiction. Hence, if X,, # &, then X, =¢, and since ¢ is positive on
X and null on X, U X,, we have X, # &, contradicting the assumption
that X, = &. Since X, # &, there is a point x € X, and by Lemma 5.2,
A satisfies the 5-r condition at x.

The preceding lemmas are summarized in the following theorem.

THEOREM 5.5. Let (X, d) be a separable metric space, let H be a family
of homeomorphisms from X onto X which satisfies Condition (1), let A and
A, be a Borel-regular Carathéodory outer measures on X that are Haar with
respect to H, and let o be a Borel-regular Carathéodory outer measure on X
which satisfies the S-r condition. Then if (i), (ii), or (iii) holds, there is a posi-
tive number ¢ such that for every E C X, A(E) = cA,(E).

(i) There is a point x in X such that

oA, D] _ Alex, Nl
0<1 f ——= —_
m i e, ] S ISP ey <
(ii) There is a point x in X such that
.. oAl D]
hrrtl»lgf ale(x, r)] =%

and there are positive constants r, and m <1 such that for 0 <r <r, and
0<t<mr,
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Ale(x, 1)] S Ale(x, r)]
olex, )] = alex, N] -’

(iii) For every pair of points x,y in X there are positive real numbers
m and M such that for 0 <r <m,

olcCx, )] <Mo[c(y, )], and olc(y, N] <Molc(x, r)].

REFERENCES

1. J. A. Engle, Haar measure on left-continuous groups and a related uniqueness
theorem, Doctoral Dissertation, Ohio State University, Columbus, Ohio, 1971.

2. E. J. Mickle and T. Radd, A uniqueness theorem for Haar measure, Trans. Amer.
Math. Soc. 93 (1959), 492—-508. MR 22 #737.

3. . On covering theorems, Fund. Math. 45 (1958), 325—-331. MR 20 #5146.

4. A. P. Morse and J. F. Randolph, The ¢ rectifiable subsets of the plane, Trans.
Amer. Math. Soc. 55 (1944), 236-305. MR §, 232.

5. W. Rudin, Real and complex analysis, McGraw-Hill, New York, 1966. MR 35§
#1420.

DEPARTMENT OF MATHEMATICS, OHIO STATE UNIVERSITY, COLUMBUS,
OHIO 43210



