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A 5-r UNIQUENESS THEOREM
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JESSIE ANN ENGLE

ABSTRACT.   A Borel-regular Caratheodory outer measure  A  on a

separable metric space  X, where  A is invariant with respect to a family

H of homeomorphisms from  X onto  X,  is unique if A  satisfies a 5-r

condition at one point in  X and if H satisfies Condition I, a condition much

weaker than, but related to, the invariance of distance under H.

0. Introduction. The main result of this paper is a uniqueness theorem

for an outer measure on a separable metric space that is invariant with respect

to a family of homeomorphisms of the space.  Sufficient conditions include a

Condition (I) on the family of homeomorphisms and a condition {S-r) on the

invariant measure.  In [2], Mickle and Rado proved a uniqueness theorem with

similar conditions; here the conditions on the invariant measure are weaker. I

am grateful to Professor Earl J. Mickle, not only for suggesting this topic for

research, but also for his encouragement and help.

In § 1 are necessary preliminaries and the statement of the main theorem.

In §2 it is shown that if a Haar measure satisfies the S-r condition at one point,

it does so at every point of the space.   §3 includes needed density and covering

lemmas,   §4 contains the proof of the main theorem, and in §5 several other

criteria for uniqueness are given.

1. Preliminaries and uniqueness theorem.  Several definitions will be

needed for the development of the theory.  In what follows, c(x, r) is the

closed sphere of center x and radius r. Throughout, unless otherwise indicated,

unions and summations are taken from one to infinity.

Definition 1.1. A real-valued set function A, defined on all subsets of

a separable metric space (X, d), is said to be a Caratheodory outer measure if

(i)  for E C X,  0 < A(£) < °°,

(ii) A(0) = O,
(iii) if i,CJÎ2, then A(£¿ < A(E2),

(iv) ii El, E2,- •• , is any sequence of subsets of X, then h(\jEn) <

2A(ZT„), and
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(v) if Ex  and E2 are a positive distance apart, then A(Ej^ U E2) =

AfEt) + A(E2).
Definition 1.2.  Let (X, d) be a separable metric space, and let H be a

family of homeomorphisms from X onto X. A Borel-regular Caratheodory

outer measure A on X will be called //-invariant, or Haar with respect to H,

if A [h(E)\ = A(E) for every E C X and every h in H, and if there is a

nonempty set O for which 0 < A(0) < °°.

Definition 1.3.   Let (Jf, d) be a separable metric space, and let // be

a family of homeomorphisms from X onto X. The family H is said to satis-

fy Condition (I) if for every pair of elements x,y va. X there are homeomor-

phisms Aj  and h2 in H with h1(x)=y and A20') = jc, and positive real

numbers l(x, y) and /,(*, y) such that if 0 < r < I, then

c(x, r) C «2 [c(>, rL)] C c(x, rZ,2),   and   c(y, r) C «j [c(x, /■/,)] C cf>, rZ,2).

Definition 1.4. A Caratheodory outer measure a on a separable metric

space (X, d) is said to satisfy the strong 5-r condition if for every bounded set

E there are positive real numbers k(E) and K(E) such that for every x in E

if 0 < r < k(E), then

a[c(x,5r)] < K(E)a[c(x, r)].

Definition 1.5. A Caratheodory outer measure a on a separable metric

space (X, d) is said to satisfy the 5-r condition at x if there are positive con-

stants k(x) and K(x) such that for 0 < r < k{x),

a[c(x, 5r)] < K(x)a[c(x, r)].

If a satisfies the 5-r condition at every x in X, it is said to satisfy the 5-r

condition on X, and it will be called a 5-r measure.

Definition 1.6. A Borel-regular Caratheodory outer measure A on J

will be called locally finite if for each x in X there is an open set Ox such

that xEOx and A(Ox) < °°.

If A is locally finite, then, since X is separable, there is a sequence of

open sets Ov 02, • • •   such that

(1) x = ̂ °n    and   A(On)<°°,      « = 1,2, •••.

It is clear that if a measure satisfies the strong 5-r condition, it satisfies

the 5-r condition. Note also that if A satisfies the 5-r condition at x, there

is an open set containing x that has finite A-measure, hence if A satisfies the

5-r condition on X, then A is locally finite.
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The main uniqueness theorem which will be proved in this paper can now

be stated.

Theorem 1.7. (Uniqueness theorem). Let (X, d) be a separable metric

space, let H be a family of homeomorphisms from X onto X which satisfies

Condtion (I), and let Aj and A2 be Borel-regular Caratheodory outer mea-

sures on X that are Haar with respect to H.   Then if Aj satisfies the 5-r con-

dition at one point in X, there is a positive real number c such that for every

ECX, A2(E) = cA^E).

Theorem 1.7 is a sharpening of the 5-r uniqueness theorem proved by

Mickle and Radó [2] in 1959. Their theorem established the uniqueness of an

invariant measure on the space of oriented lines in three-space, a result which

does not follow from the standard uniqueness theorems for invariant measures.

In their original theorem, one of the invariant measures is required to satisfy

the strong 5-r condition. In the present theorem, this condition is weakened

to the requirement that one of the invariant measures satisfy the 5-r condition

at one point.

2. One-point theorem.

Theorem 2.1. Let (X, d) be a separable metric space, let H be a family

of homeomorphisms from X onto X satisfying Condition (I), and let A be

an H-invariant outer measure on X that satisfies the 5-r condition at one point.

Then A satisfies the 5-r condition everywhere on X.

Proof.  Assume for 0 < r < k, A[c(x0, 5r)] < K A[c(x0, r)], and let

x be an arbitrary element in X. Then, since H satisfies Condition (I), there

are positive constants l^x     yL(x   xy and h, h0 in H with h(x) = x0 and

^o(xo) * x sucn tnat if 0 < r < /,

c(x, r) C hQ[c(x0, rL)] C c(x, rL2)   and   c(xQ, r) C h[c(x, rL)] C c(xQ, rL2).

Then for r < (l/25Z)min (k,l ), we have

A[c(x, 5r)] = A[h(c(x, 5r))] < A[c(xQ, 5rZ)],

and, letting n be the positive integer with 5"_1 <Z < 5",

A[c(x0, 5rZ)] <A[c(x0,r5n + l)] <K2n+1A[c(xQ, r5~n)]

<K2n+1A[c(x0, rL'1)] =K2n + 1A[h0(c(x0, rL'1))]

<K2n+1A[c(x,r)],

and A satisfies the 5-r condition at an arbitrary x in X, hence on X.
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3.  Density and covering lemmas. There are several different conditions

that are sufficient for a Haar measure to satisfy the 5-r condition at a point,

and they all concern an underlying Caratheodory outer measure which satisfies

the 5-r condition, but which is not necessarily Haar itself. In what follows,

this underlying measure will usually be denoted a, and use will be made of

the upper and lower densities of a Haar measure A with respect to the under-

lying 5-r measure a.

In Lemmas 3.1 through 3.5 below, (X, d) is a separable metric space, and

a is a Caratheodory outer measure which satisfies the 5-r condition on x.

Letting

(2) A„ = {x: x £ X, 0 < r < 1/« =» o[c(x, 5r)] < na[c(x, r)]},

we have X= UU„ and An ^An+V n = 1, 2,

Lemma 3.1.   Let A be a Borel-regular Caratheodory outer measure on X,

let t be a positive finite number, and let E be a subset of X.  Set

GXE) = \x: xGX, lim sup AW'f> ^ > tl.

Then for the sets A„ in (2), a[A„ D Gt(E)] < (n/t)A(E).

Proof.  Since

An n Gt{E) C U {c(x, r): xGAnH Gt(E), r < Un,

A[c(x, r)C\E] > ta[c(x, r)]},

by a covering theorem of Mickle and Radó [3, p. 328], there exists a pairwise

disjoint sequence of these spheres, c(xv rj), c(x2, r2), • • • , such that

(4) An n Gt(E) C U {c(xr 5r.): i = 1, 2, ■ • ■ }.

From (2), (3), and (4) it follows that

a[AH n Gt(E)} < T,o[c(xr 5r,)] <n £>[«>, r.)]

< (nit) Z A[c(x., r.) n E] = (h/0 a[(Jc(x, r.) n £"]

<(n/t)A(E).

Lemma 3.2.  Let A be a locally finite Borel-regular Caratheodory outer

measure on X and let E be a A-measurable subset of X.   Then for x G X - E,
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(5) ,     A[c(x, r)C\E]     n
w lim      rv '  \-      = 0   a.e. (a),

r-o   a[c(x, r)]

Proof.  It suffices to show that (5) holds for A(E) < °°, since letting

En=E n On, with On as in (1), we have

!A[c(x, r)HE]        )x-.xEX-E, lim sup    L rv '  \,   J > 0 >
r->o        o-[c(x, r)] 1

( A[c(x,r)n/y      )
C U < x: x GX- £•   lim sup-——-> 0>,

J "    r-o        a[c(x, r)] Í

and it suffices to show o(En) = 0, n = 1, 2, • • • .

Assume A(E) < °°.  For 0 < t < °°, let

HAB) ±LxeX-E. lim sup A[f ' r) ̂  > A.
f I r-0 C7[C(X, r)] j

For arbitrary e > 0   there is a closed set C such that C C E and

AÍE" - C) < e   [4].  Since C is a closed subset of E, for r sufficiently small

and for x EX-E, we have c(x, r) C\E = c(x, r) n (E- C), and for

xeHt(E),

A[c(x, r) n (E - Q]   ^
hm sup-—-=-> t.

r-*o o[c(x, r)]

Hence Ht(E) C Gt(E - C) and by Lemma 3.1 for each positive integer n,

o[AnnHt(E)] <e(n/t).

Since e > 0 is arbitrary, for each positive integer n and t > 0, o[An n //f(£")]

= 0, and by (2), o[Ht(E)] = 0. Then since

LxGX-E, lim sup AMy>"*1 > o) = U//1/m(£),
J r-+o       o[c(x, r)] Í ifm*'»

(5) follows, and the lemma is proved.

Lemma 3.3.   // A is a Borel-regular Caratheodory outer measure and E

is a subset of X such that for x G E

A[c(x,r)nE]     „
lim inf    L ) '  ' = 0,

r-*o      o[c(x, r)\

then A(E) - 0.
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Proof. If suffices to show that A(An C\E) = 0 for An as in (2). Since

there is a sequence (Om) of open sets such that X = Uom, o(Om) < °°, m =

1, 2, • • • , it suffices to show that A(An n Om n E) = 0. For x G £■„„, =

-^n n öm n ^ we nave

A[c(x, r)n£    1
lim inf     \;    «""   ■ 0.

r->o o[c(x, r)]

Let e > 0 be given. The family of closed spheres c(x, r/5) for which x G /fnm.

r < 1/«, c(x, r)COm, and A[c(x, r) n £"„„,] < ea[c(x, r)]   covers Zi„m.

Accordingly (by [3] ), there is a pairwise disjoint sequence of closed spheres

c(xv rj/5), c(x2, r2/5), • • • such that

E     c\J c(x.,r.)
nm v i'   iy

and

A(Z\,   ) = a[Uc(jc, r.)HE    ] <TA[c(x.,r.) n E    ]

< e 2>[c(*,. r/)l < «E°l«C*f V5)]

= ena[Uc(x., r./5)] < ena(Om).

Since e>0 is arbitrary, n and m are fixed, and a(Om)<°°, we have

MßHm)'0.

Lemma 3.4. Let A be a locally finite Borel-regular Caratheodory outer

measure and let

E = L.GX.limsup^^l^i
) r-o    o[c(x,r))       j

Then o(E) = 0.

Proof.  It suffices to show o(Enm) = 0, where Enm is defined as in

the proof of the previous lemma.

Let t > 0 be given.  By Lemma 3.1, a(Enm) < o[An n Gt(Om)] <

(n/t)A(Om), and since t is arbitrary, o(Enm) = 0.

Lemma 3.5.   Let A be a locally finite Borel-regular Caratheodory outer

measure on X and let

r,    ( ~ „    . rA[c(x, r)l ,. A[c(x, r)]       )
E={x:xeX, lim inf   rL,     " < «>, lim sup   rL,      " = °°).

1 r-*o  a[c(x, r)] r-o    a[c(x, r)]       I

Then A(E) ■ 0.
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Proof.   By the previous lemma, we have a(E) = 0.  Let

£/ = LxGZ,,liminf^4</
1     I r-*o   o[c(x, r)] j,     7 = 1,2,---

To show that A(E) - 0, it suffices to show A(E¡) = 0, for / = 1, 2, • • • , and

to show that A(/J;) = 0, it suffices to show that A(Ejn) = 0, where Ejn =

Ej n An, with An as in (2).  Let e > 0 be given. There is an open set O

such that Ejn C O and a(0) < e. (See Mickle and Radó [3].) The set Ejn

is covered by the family of closed spheres c(x, r/5) such that x G E¡n, r <

1/w, c(x, r) C O, and A[c(x, r)] <jo[c(x, r)]. Hence, by [3] there is a pair-

wise disjoint sequence of the spheres, c(xv r1/5), c(x2, r2/5), • • • , such that

Ejn C (jc{xv rf).  Then

MEjn) <T,A[c(xp rt)\ </2>[c(x., r.)]

</» Z°[c(x., r./5)] =/na[Uc(xi.r./5)|

<jno(0) <jne.

Since e > 0 is arbitrary, A(Ejn) = 0.

It should be noted that Lemmas 3.1 through 3.5 are concerned only with

the relationship between two measures on X, and that the family H of homeo-

morphisms is not involved. The following two lemmas concern properties of

covers of X, and are also independent of the family H.

Lemma 3.6. Let (X, d) be a separable metric space, A a locally finite

Borel-regular Caratheodory outer measure on X, and a a Borel-regular Cara-

theodory outer measure on X that satisfies the 5-r condition. If B is a

Borel set with A(B) < <*>, a{B) > 0, and if S is a family of Borel sets covering

B with the property that for every x in B there is an Sx  in S such that

x G SL and
Jx

A[c(x, r) n SJ
lim sup-¡——-¡-> 0,

r-*o        a[c(x, r)]

then there is an S in S with A(B n S) > 0.

Proof.  By Lemma 3.2, for a.e. (a) x in B,

,.    A[c(x,r)n(X-B)] _n
lim-——r:- 0,
r-o a[c(x, r)]

and since a(B) > 0, there is such an x. For that x, its associated Sx =S,

and any radius r, we have
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A[c(x, r) n S]      A[c(x, r) n S n B]      A[c(x, r) n S n (X - B)]
^-;—i-r^-r

a[c(x, r)] a[c{x, r)] a[c(x, r)]

A[c(x, r)nSC\B]     A[c(x, r) n (X - B)]

o[c(x, r)] a[c(x, r)]

Hence

A[c(x, r)DSnB] ... A[c(x, r) n S]
lim sup —1-—-> hm sup        —--— > 0,

r-*o a[c(x, r)] r-*o       a[c(x, r)\

and A(SnB)>0.

Lemma 3.7.   Let (X, d) be a separable metric space, A a locally-finite

Borel-regular Caratheodory outer measure, and a a Borel-regular Caratheodory

outer measure that satisfies the 5-r condition. If B is a Borel set, and S is

a family of Borel sets such that for each x in B, there is an Sx in S with

xGSx and

A[c(x, r) nsl
hm sup   L ; ; J .. *s > 0,

r-*o      o[c(x, r)\

then there is a sequence (S¡), i = 1, 2, • • •, of sets in S with o(B ~Us¡) = 0.

Proof. We may assume a(B) > 0, since if not the lemma is trivially

true.  First assume A(B) < °°, and let

(6) a = inf <A ÍB - US.) : (S.)   is a sequence of sets in S(-

Since A(B) < », a < °°. Note that there is a sequence (5?) with a =

A(B-ÖSf): take

(.sf) = Cij(s,„): A(B -. j¿0 <a+ll*\-

Assume a(B - U Sf) > 0. Then B - U Sf and the family S satisfy

the conditions for Lemma 3.6, and there is a set S in S with A[(ß--\jsf) <^S]

> 0, and A[B -(SU ÖSf)]  < a, contradicting (6).  Hence

o(B - U Sf) = 0.
For arbitrary B, let  Bn=BC\On, with    0„ as in (1).  For each

n, n = 1, 2, • • • , we have (Sni), i = 1, 2, • • • , such that a(Bn - (J^, Sni)

= 0. Then
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B - tí tís".)< '[¡J, 4 - tís».)] * „?, • (*. - tís«) - °-

4.  Lemmas and proof of main theorem. Throughout §4, (X, d) is a

separable metric space, H is a family of homeomorphisms from X onto X

that satisfies Condition (I), A and a are Borel-regular Caratheodory outer

measures that are Haar with respect to H, and a satisfies the 5-r condition.

Lemma 4.1. Let E C X and let x G E such that

u A[c(x, r)HE]^
lim sup-—-— > 0,

r-+o       o[c(x, r)\

and let y G X.   Then there is an h G // such that h(x) = y and

A[cQ, r) n h{E)].   .
lim sup-———— > 0.

r-o a[c(y, r)]

Proof.  Since H satisfies Condition (I), we have h EH, l(x, y) and

L(x, y) such that h(x) =y and if 0 < r < l(x, y), c(y, r) C h [c(x, rL)] C

c(y, rL2). We may assume L(x,y)>l. Since a satisfies the 5-r condition,

there is an n such that xE.An and y GAn, with An as in (2).

Also there is a positive integer q such that 5q~l <L(x, y) < 5q. Note

that o[c(x, rL)] < a[c(x, 5"r)] < n2qo[c(x, 5"^)] < n2qa[c(x, r/L)].

Then, for 0 < r < l(x, y)\nL, we have

A[c(y, r) n h{E)]      A{h[c(x, rjL)] n h(E)} = A[c(x, r/L) n E]

o[c(y, r)] a{h [c(x, rL)]} a[c(x, rL)]

s A[c(x, r/L) n E] a[c(x, r/L)]

a[c(x, r/L)]      o[c(x, rL)]

A[c(x,rlL)nE]±

o[c(x, r/L)]     „2q

and

A[c(y, r) n h(E)] ^    1   ,. A[c(jc, r) n E] ^ n
lim sup       , '      ., >-lim sup      rv ;  ' > 0.

r->or     o[c(y,r)] n2q   r-o       a[c(x, r)]

Lemma 4.2. Let B be a Borel set in X such that A(B) > 0.  Then there

exists a sequence («,-), í = 1, 2, • • •, of homeomorphisms in H such that

o[X-\Jh{(B)] =0.
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Proof.  By Lemma 3.3, since A(B) > 0, there is a point x0 G B with

A[c(x0, r)HB]     n
lun sup-—--.— > 0.

r-o       o[c(x0, r)]

Then, by Lemma 4.1, for any x G X there is an hx G // such that hx(x0) =

x and

A[c(x, r) n hx(B)]
lim sup-——-> 0.

r->-o o[c(x, r)]

Thus X is covered by the Borel sets hx(B) for x SX in a manner to satis-

fy Lemma 3.7, and there is a sequence (h¡), i — 1+ 2, • • •• , in H such that

o[X-\JhÂB)] =0.

Lemma 4.3. Let B be a Borel set in X such that a(B) > 0.  Then there

exists a sequence (h¡), i = 1, 2, • • • , of homeomorphisms in H such that

o[X-\Jh¡(B)] =0.

Proof.  Since a satisfies all the conditions placed upon A, Lemma 4.2

holds with A = a.

Lemma 4.4. Let B be a Borel set in X.   Then a(B) = 0 if and only

if A(B) = 0.

Proof. Assume a(B) = 0 and A{0) > 0. Then, by Lemma 4.2, there

is a sequence (h¡), i = 1, 2, • • • , in H such that a[X - U h¡(B)] = 0.  Since

o(B) = 0, o[h¡(B)] = 0, o[\Jh¡(B)] = 0 and o(X) = 0.  But a is Haar with

respect to //, hence o(X) > 0. Thus if a(B) = 0, A(B) = 0.

Assume A(B) = 0 and a(B) > 0. Then, by Lemma 4.3, there is a se-

quence («,), /' = 1,2, • • • , in H such that a[X - (J h¡(B)] = 0, hence

A[X- oh¡(B)] = 0.  But since A is Haar with respect to //, A(X) > 0, and

since A [«,(/?)] = A(B), we have A(B) > 0, contradicting the assumption.

Hence if A(B) = 0, then a(B) = 0.

The separable metric space (X, d), the sigma-algebra of Borel sets 8,

with either A or a restricted to the Borel sets, form sigma-finite measure

spaces, and by Lemma 4.4, A is absolutely continuous with respect to a.

Hence the Radon-Nikodym theorem may be applied [5, pp. 122-124], and

there is a Radon-Nikodym derivative, a real-valued Borel-measurable function

/ on X, such that, for every Borel set B, A(B) = fBfda. In what follows,

a Radon-Nikodym derivative / is fixed.

Lemma 4.5. For fixed t,0<t<°°, let Lt= {x: f(x) > t}, and let

St= {x: f(x) < t}. Then at most one of Lt and St has positive a-measure.
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Proof. Assume a(Lt) > 0. Then by Lemma 4.3 there is a sequence

(«,), / = 1, 2, • • • , in H such that a[X-\Jh¡(Lt)] = 0. For each i, i =

1, 2, • • • , if a[Stn h¡(Lt)] > 0, we have

A[S. Pi h.(Lt)] = [ fdo< ta[S n h.(L.)],   and

A[h7l(St)nLt]   = f_, fda>ta[h-i(St)nLt],
'      f        r       JA/   (Sf)n¿r '       r        r

contradicting the invariance of A and a under H. Hence, if a(Lt) > 0, then

o(St) = 0. In a similar fashion it can be shown that if a(St) > 0, then

a(Lt) = 0.

Lemma 4.6.   Let

(7) c = sup {t: o{x: f(x) >t)> 0}.

Then 0 < c < °°.

Proof. If c = 0, then A(X) = fxfda = 0, which contradicts the fact

that A is Haar with respect to H.

Assume c = °°. Then for any Borel set B with A(B) > 0, we have

a(B) > 0, and by Lemma 4.5, for any t, a[B n {x: f(x) > t}] = a(B). Hence

A(B) > ta(B) for any r; thus for every Borel set B, A(B) = °°. But since A

is Haar, there is a Borel set of positive finite A-measure. Hence 0 < c < °°.

Lemma 4.7.   For a.e.(a) x in X, f(x) = c.

Proof. The set {x: f(x) > c) = U {x: f(x) > c + 1/n}, and a{x: f(x) >

c + Un} = 0; hence a{x: f(x) > c} = 0.

The set  {x: f(x) <c}=\J {x: f(x) <c- \/n}. By the definition of

c, a{x: f(x)>c- 1/n}>0, for n = 1,2, • • • , hence by Lemma 4.5,

a{x: f(x) <c- 1/«} ■ 0 for every n, and a{x: f(x) =£ c}= 0.

Lemma 4.8. For every Borel set B, A(B) = ca(B).

Proof. A(B) = fBfda = fBcda = ca(B).

Theorem 4.9.  Let (X, d) be a separable metric space, let H be a

family of homeomorphisms from X onto X which satisfies Condition (I), let

A and a be Borel-regular Caratheodory outer measures on X that are Haar

with respect to H, and let a satisfy the 5-r condition.   Then there is a posi-

tive real number c such that for every E C X, A(E) = ca(E).
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Proof. Fix E C X. Then since A and o are Borel-regular, there are

Borel sets Bt  and B2 suchthat E C Bv E C B2, A(E) = A(Bl), and a(E) =

a(B2). Hence, with B = Bl n 52, 5 is a Borel set, A(£) = A(/J), and a(£) =

a(5).

By the previous lemma, with c defined as at (7), we have A(E) = A(B)

= ca(B) = co(E).

The uniqueness theorem can now be proved.

Proof of Theorem 1.7.   By Theorem 2.1, if Aj  satisfies the 5-r con-

dition at one point m X, then Aj  satisfies the 5-r condition on X.  Letting

Aj  be the o of Theorem 4.9, with c defined as at (7), we have A2(E) =

cA^E) for every E C X.

5. Other criteria for uniqueness. TTie density properties of a Haar measure

A with respect to a 5-r measure o may be used to decompose the space X

into disjoint subsets.  Letting

X  = L:liminf^4 = oi,
0     )       r-o    oc(x, r)      I

!. Ac(x, r) „ , Ac(x, rï        /x:0< lim inf    7    / < lim sup     ;    ; < °4,
r-o  ac(x, r)        r-o    ac(x, r)        I

!. Ac(x, r)   .,. Ac(x, r)       \x: 0 < Urn inf    ,     / < lim sup     ;    / = «> >,   and
r-*o  oc(x, r)        r—o    ac(x, r)        J

( , Ac(x, r)       )
Xj= \x: lim inf     .v    f - »l,

°°    J       r-»o  ac(x, r)        I

we have A' = I0UI1 UI2 U A"«,, and the sets are pairwise disjoint.

From Lemmas 3.3, 3.4, and 3.5, we have A(A"0 U X2) = 0 and

a(X2 UIJ = 0.

If Xl ■ 0, or if Xt is either A-null or a-null, then there are disjoint

sets A and B such that for every subset E of X,

A(E) = A(E n .4),   and   a(£) = o(E n 5),

where A = X„ and 5 = X0 if ^! = 0, or B = X0 U A^  if Xj  is A-null,

and similarly if Xx  is a-null. If this situation occurs, then both A and B

are dense in X. This will be proved for the case X1 = 0; extension to the

other cases is obvious.

Theorem 5.1. Assume X = X0UX2UX„ as in (8). Then X =

cl X0 = cl Xx, where cl E means the closure of E.
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Proof.  Assume X =£ cl X„. Then there is an x G X, and an open

neighborhood Ox  of x, suchthat Ox n X„ = 0.  Now X= \J{h(Ox): hGH],

and since X is separable, X = Uh¡(Ox) for some sequence  (h¡), i =1,2,

• • • , of sets in //, and A(X) < ZA[h¡(Ox)]. Since A^/OJ] = A(Ox) =

A(Ox n !„) = 0, we have A(A!") = 0, which is a contradiction, since A is

Haar.  Hence X = c\X„. Similarly X=c\XQ, since a satisfies the 5-r con-

dition, hence is positive on every open set.

If the set Xx ¥= 0, then there is a point x in X at which the Haar

measure A satisfies the 5-r condition, as is shown in the following theorem.

Theorem 5.2. Let (X, d) be a separable metric space, let a be a

Borel-regular Caratheodory outer measure in X which satisfies the 5-r con-

dition, let A be a locally-finite Borel-regular Caratheodory outer measure in

X, and let x be a point in X such that

n„u    ■ t AWX> r)l «r n A[c(x,r)]  j.
0 < hm inf —j—-¿T < hm sup —f-f—** < °°.

r-+o   a[c(x, r)]        r-*o    a[c(x, r)]

Then A satisfies the 5-r condition at x.

Proof.   There are real numbers a and b such that

n,      r    . fA[c(*,r)] A[c(x, r)]
0 < a = hm inf ——— < hm sup ——-—— = b < °°.

r-*o  o[c(x, r)] r->o    o[c(x, r)J

Fix e > 0 with e < a. Then there is an r0 such that for 0 < r < r0

A[cCr, r)]
a-e<-r--—— <b + e.

a[c(x, r)]

Since a satisfies the 5-r condition, there are k and K such that a[c(x, 5r)]

<Ko[c(x,r)]   for 0<r<k.  Then for 0 < r <r0/5,r < A:, we have

A[c(x, 5r)] <(b + e)a[c(x, 5r)] <(b + e)Ko[c(x, r)]

<^-KA\e(x,rt,
a - e

and A satisfies the 5-r condition at x.

There is also a condition on a point in X„, which ensures that A

satisfies the 5-r condition.

Theorem 5.3.   Let (X, d) be a separable metric space, let a be a

Borel-regular Caratheodory outer measure in X which satisfies the 5-r condition,

let A be a locally-finite Borel-regular Caratheodory outer measure in X, and

let x be a point in X such that

(1) lim inf^oAtcfo r)]¡a[c(x, r)] = °°  and
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(2)  there are positive constants r0,m< 1 such that, for 0 < r < r0 and

for 0 < t < mr,

A[c(x, t)] ^ A[c(x, r)]

a[c(x,t)] " o[c(x,r)] '

Then A satisfies the 5-r condition at x.

Proof.  Fix x, where x satisfies (1) and (2). Then xGAn, for some

n, where An is defined as in (2), and, for 0 < r < \\n, a[c(x, 5r)] <

na[c(x,r)].  For the m in (2), there is a positive integer r with 5_f <m. Then,

for 0 < r < 1/«, r < r0/5, we have

A[c(x, 5r)]     A[c(x, rm)]        A[c(x, r)]        nt+1A[c(x, r)]

a[c(x, 5r)] ^ a[c(x, rm)]     ffj^ r5-t-^        a[c(x, 5r)]

and A satisfies a 5-r condition at x.

An additional condition imposed on the 5-r measure a will ensure that

a Haar measure A satisfies the 5-r condition.

Lemma 5.4.   Let (X, d) be a separable metric space, let H be a family

of homeomorphisms from X onto X which satisfies Condition (I), let A be a

Borel-regular Caratheodory outer measure that is Haar with respect to H, and let

a be a Borel-regular Caratheodory outer measure that satisfies the 5-r condition

and has the property that for x,y in X there are positive real numbers m and

M such that for 0<r<m,

a[c(x, r)] < Ma[c(y, r)],   and   a[c(y, r)] < Ma[c(x, r)].

Then there is a point x in X such that A satisfies the 5-r condition at x.

Proof.  If Xx =£ 0, with Xx  defined as in (8), then by Lemma 5.2, A

satisfies the 5-r condition on X.

Assume X1 = 0.  Then X«, + 0 and X0 ¥= 0, by Theorem 5.1.  For

x &X„, y GX0, we have m and M as above. Note that for 0<r<m,

¿ a[c(x, r)] < a[c(y, r)] <Mo[c(x, r)],

and

M

Since a satisfies the 5-r condition, there is an n such that if 0 < r <

l/n, a[c(y, 5r)] < na[c(y, r)].

Since H satisfies Condition (I), there are l(x, y), L(x, y) and an « in H

such that for 0 < r < l(x, y), we have h(y) = x and c(x, r)Ch [c(y, rL)]. There
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is a positive integer q such that 5q~l < L(x, y) < 5q.

Since lim inf^oAfcO, r)]/a[c(y, r)] = 0, there is a sequence (r¡), i =

1, 2, • • • , lim^r,. = 0, r¡+, < r¡, and ltai^.. A[c(y, r¡)] ¡a[c(y, r¡)] = 0. We

may assume

A[c(y, r.)]
—-!-<l    for  1-1,2,---.
o[c(y, r¡)]

Let t>Mnq. Then, since \\mr^.QA[c(x, r)]¡o[c(x, r)] = °°, there is

an r0 such that, for 0 < r < r0,

A[c(x, r)]
;;     ">t>Mnq.

a[c(x, r)]

Fix r with 0 < r < r0, r < 1/w, r < /(x, y), r<m, and

A[cO,r)]/a[c(>, r)] < 1.

Then

A[c(x, r5~q)] > ta[c(x, r5~q)] >Mnqa[c(x, r5~q)] >Mo[c(x, r)]

> a[c(y, r)] > A[c(y, r)] = A{h[c(y, r)]} > A[c(x, r/L)]

> A[c(x, r5~q)] ;

a contradiction. Hence, if X„ # 0, then X0 = 0, and since a is positive on

X and null on X„ U X2, we have Xx ¥= 0, contradicting the assumption

that Xj = 0.  Since XY =t 0, there is a point xGIp and by Lemma 5.2,

A satisfies the 5-r condition at x.

The preceding lemmas are summarized in the following theorem.

Theorem 5.5.  Let (X, d) be a separable metric space, let H be a family

of homeomorphisms from X onto X which satisfies Condition (I), let A and

Aj  be a Borel-regular Caratheodory outer measures on X that are Haar with

respect to H, and let a be a Borel-regular Caratheodory outer measure on X

which satisfies the 5-r condition.   Then if (i), (ii), or (hi) holds, there is a posi-

tive number c such that for every E C X, A(E) = cAj(/J).

(i)  There is a point x in X such that

n^r    ■ f A[c(x, r)] A[c(x, r)] ^
0 < hm inf -——^- < hm sup -*-*—£■ < «>.

r-o   o[c(x, r)]        r-*o    o[c(x, r)]

(ii)  There is a point x in X such that

. cA[c(x,r)]
lim inf-——— = °°,

r-+o   o[c(x, r)]

and there are positive constants r0 and m < 1 such that for 0 < r < r0 and

0<t<mr,
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A[c(x, t)] ^ A[c(x, r)]

o[c(x, t)] " a[c(x, r)] '

(iii) For every pair of points x, y in X there are positive real numbers

m and M such that for 0 < r < m,

o[c(x,r)]<Mo[c(y,r)],   and   o[c(y, r)] <Mo[c(x, r)].
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